The theory of the two-dimensional Heisenberg antiferromagnet (AF) has attracted great interest during the last several years in connection with the problem of AF fluctuations in copper oxides [1] [2] [3] . The approach of these papers was based on the sigma model, which describes the long-wavelength fluctuations of the Heisenberg AF in the paramagnetic phase with a shortrange antiferromagnetic order. The sigma model is the continuum model for the unit vector n ( t , r ), n 2 = 1 in the 1 + 2 time and space dimensions [4, 5] . As a long-wavelength theory, the sigma model can make a lot of physical predictions, such as the structure of the long-wavelength fluctuations and the magnitude of the correlation length [2, 3, 6] . But, up to now, a consistent theory of the spin fluctuations for the quantum AF (QAF) with short-range AF order was absent. This is just the topic of this paper.
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Our approach to the description of the QAF is based on the functional integral for the generalized partition function in terms of spin coherent states. We introduce the concept of invariant spin coherent states and, on this basis, we formulate the theory.
We define the invariant spin coherent states (SCS) with the help of relation
|〉 . exp exp exp = Here, the state | ss 〉 is the state of spin s with the maximal spin projection s . The unit vectors n and m are orthogonal: n 2 = 1, m 2 = 1, n · m = 0; θ , ϕ are the Euler angles of the unit vector n = (cos ϕ sin θ , sin ϕ sin θ , cos θ ). The dependence on the vector m is included in the angle ψ only, which, in fact determines only the phase factor in the SCS (1) . We can choose the angle ψ in some special manner, which distinguishes this definition from the standard one [7] : ψ = -k z / m z , where the vector k = [ n × m ]. This choice has a clear geometrical interpretation. The transformation (1) rotates the reference coherent state that is characterized by the vectors n 0 = (0, 0, 1) and m 0 = (1, 0, 0), into the SCS (1) . From this geometric interpretation, it is obvious that, upon changing SCS by some rotation , we have = |n ; m 〉 without the phase factor, which was introduced and discussed by Perelomov [8] . In this way, the scalar product 〈 n '; m ' | n ; m 〉 is an invariant, and the matrix element 〈 n '; m ' || n ; m 〉 is a vector under rotations. It seems that the vector m is an artificial one. However, for the problem of the QAF, it has some real meaning.
We consider the spin system which is described by the Heisenberg Hamiltonian with an interaction of nearest neighbors,
where are the spin operators; the index l runs over a two-dimensional square lattice; the index l ' runs over 
where T = 1/β is the temperature, τ is the imaginary time, and A(n) is the action of the system. In the continuum approximation, which is valid in the leading order in 1/2s, the expression of the action A(n) is simplified: In our case, we can define these vectors m a, b in the following manner: 
]. ⋅ = Now we can introduce new, more convenient variables W(τ, l) and M(τ, l), which realize the stereographic mapping of a sphere: (7) In terms of these variables, the total Lagrangian ᏸ ΩM = ᏸ kin + Ᏼ has the final form (8) where
. After this change of variables, the measure of integration Dµ(n) (7) becomes (9) where the product in Eq. (9) is performed over the AF (doubled) lattice cells.
The variable W is responsible for the AF fluctuations, and the variable M for the ferromagnetic ones. The ferromagnetic fluctuations are small according to the parameter 1/2s, and, therefore, one can expand the Lagrangian ᏸ ΩM (8) in M. The vector of the ferromagnetic fluctuations M plays the role (to the factor 2s) of the canonical momentum conjugate to the canonical coordinate W. The term of first order in M coincides (after a change of variables) with previous results [1, 3] .
From Eq. (1) one can easily extract the quadratic part of the total Lagrangian in the variables W and M,
The Lagrangian ᏸ quad (10) is very simple, but the measure Dµ (9) is not simple due to the presence of two delta functions. Therefore, we cannot simply perform the Gaussian integration over the fields W and M. To solve this problem, we shall use the method of the Lagrange multiplier λ together with the saddle point approximation [4, 5] to eliminate δ(W 2 -1). As a result, we shall have an additional integration over λ with the
, where µ 0 is the primary mass of the Ω field and Ᏽ = Jsz.
To eliminate δ(W · M), we shall use some kind of Faddev-Popov trick [5] . As a result of this trick, (1) the factor δ(W · M) disappears from the measure (9); (8) 
where the momentum k runs over the AF Brillouin zone, a is the lattice constant, ω = 2πjT, and j is an integer number. From Eq. (11), one can calculate the parameter of spin-wave nonlinearity of the theory, =
We also have the saddle point condition for the λ field = 1, which is the most important constraint of the theory which determines its phase state: In the first case, the momentum q' ~ T/c s Ӷ q, and we can separate summation and integration over q' and put q' = 0 in G Ω (q -q') in Eq. (14). The result is extremely simple:
Notice that it exceeds the quantum contribution in Eq. (14), Π 0 (q) = N/4q, by a large parameter 16sᏵ/Nq. For small q Ӷ c s /a and q Ӷ k T , our results coincide with [3] .
The dynamical spin susceptibility χ ij (ω, k) for all values of ω and k can be calculated. In the lowest order in 1/2s, we can use the lowest order relation l) ], where q AF = (π/a, π/a) is the AF vector (7). Calculating the average of two vectors n, we get the dynamical spin susceptibility as a sum of two terms
The spin susceptibility χ A (ω, k) is responsible for the AF fluctuations. It is proportional to the Green function analytically continued to imaginary ω and shifted by the
AF vector q AF . For the ferromagnetic spin susceptibility χ F (ω, k), we have a loop expression which can be calculated on the basis of thermal fluctuation domination:
As a result, we have (14) where k* = k -q AF .
The theory of spin fluctuations in the disordered QAF at sufficiently low temperature T Ӷ Ᏽ allows one to perform the scale separation. In this case, k T Ӷ π/a, the thermal fluctuations can be considered in a "renormalized classical" manner [2] . The magnitude of the quantum fluctuations at q ≤ k T is small as compared with the classical fluctuations. In this situation, the parameters of the effective long-wavelength, low-frequency sigma model are renormalized by the quantum fluctuations. This renormalization is performed with respect to the parameter 1/2s, but the interaction of the thermal fluctuations with the scales |k| ≤ k T and ω ≤ T is over parameter 1/N, where N is the number of components of the n field of the long-wavelength, low-frequency nonlinear sigma model. This picture follows directly from the approach of this paper. Unfortunately, the continuum approximation in time does not work when we calculate corrections to the basic approximation. The reason for this observation is in the canonical structure of the Lagrangian (8) and the Green function (11): the sums over ω including this Green function are ambiguous and must be defined at the final time step ∆. Instead of Eq. (4) for the action A(n), we shall use a more accurate expression for A(n), in which the integral over τ is changed to the sum over
is not Berry phase and consists of two parts, ᏸ kin = ᏸ mod + ᏸ pha . The first term is purely real and the second term is purely imaginary:
Here, the quantity R p = · (m p + ik p ) for p = a, b; vectors n, m, k were defined in the introduction of the SCS; the underlined quantities n, m, k correspond to the time ∆( j + 1), and the usual ones correspond to the time ∆j. Notice that the Lagrangian ᏸ mod can be expressed in terms of vectors n a, b only, but ᏸ pha cannot.
The Hamiltonian Ᏼ(n) can be obtained on the basis of the following relation for the matrix element of the spin operator : = 6 6 6 6( , n)
, where the vector 6 6 6 6( , n) = ( + n -i[ × n])/(1 + · n). If we substitute them into the matrix element of the Heisenberg Hamiltonian, we obtain 
According to the analysis performed above, it is necessary to add to the Lagrangian ᏸ quad (17) the quadratic part of the Lagrangian ᏸ λ and the gauge Lagrangian ᏸ ga generalizing for the case of finite time step, which also kills the strongest interaction between the W and M fields. The total quadratic Lagrangian is ᏸ tqu = ᏸ quad + ᏸ ga + ᏸ λquad . The Green function for this case is ------------------------------------------- ------------------------------------------- 
Here, c ω = cos(ω∆) and s ω = sin(ω∆); the quantities Q k , , and the bare frequency ω 0k were defined in Eq. (11). At ∆ω Ӷ 1, this Green function G q transforms into Eq. (11), to the normalization factor 1/∆. The Green function (18) is well defined in the sense that the summation over ω in the expressions including it must be performed in the limits -π/∆ ≤ ω ≤ π/∆. The result of such averaging depends crucially on the contribution at large ω Ӎ π/∆. For example, we have
. We see that the average 〈M 2 〉 discussed above, in fact, corresponds to the average but the average 〈M 2 〉 is different.
The free energy of QAF in the paramagnetic state has three contributions,
In the lowest approximation in 1/2s, Z ΩM , Z λ , and Z ga are powers of determinants. The explicit form of these determinants leads to (19) One can verify that F ΩM has a finite limit at ∆ 0, ∆N τ = β. F ga and F λ do not have a finite limit at ∆ 0, ∆N τ = β separately, but their sum has a finite limit. After some transformation, the free energy F QAF of QAF in the lowest order in 1/2s can be presented in the form
Here, 2N s is the number of lattice sites, and the polarization operator Π 0 (q)was defined above. The temperature-dependent part of free energy (20) at low temperatures T Ӷ Ᏽ is proportional to F AF ≈ N s T 3 /Ᏽ. Such a contribution has two origins: one from F ΩM and another one from F λl . Now, we present the result of the calculation of corrections to the mass operators of the W and M fields. In the lowest order in 1/2s, these corrections can be presented as renormalization of the initial quadratic Lagrangian (17). It is necessary to have the Lagrangian The constants , , follow from Eq. (17). The explicit form of the constants α i , β i , γ i will be presented in the complete version of this paper.
We shall give the explicit result for the correlation radius in this order in 1/2s on the basis of Eq. (12). The contribution of different frequencies ω and momenta k in this constraint relation can be separated into two parts. The first part is the high frequency and momentum part. To calculate this contribution it is sufficient to take the Green function G Ω (q) in bare approximation (18), because this contribution, is of the order of 1/2s. The second contribution, which is proportional to the distribution function n k , can be considered in the continuum approximation, but with 1/2s corrections taken into account: G Ω (q) We are grateful to A.V. Chubukov, I.V. Kolokolov, and S. Sachdev for stimulating discussions; C. Providencia and V.R. Vieira for the accompanying discussions; and A.M. Finkelstein, and P. Woelfle for critical remarks. One of the authors (V.B.) is grateful to A.L. Chernyshev, L.V. Popovich, and V.A. Shubin for discussion and cooperation at an early step of this work. This work was supported in part by the Portuguese projects PRAXIS/2/2.1/FIS/451/94, V.B. was sup- 
